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Introduction

orensic economists, act-
Fing as expert witnesses,
are frequently asked, ex-

plicitly or implicitly, to deal with
questions of probability. The nature
of these questions vary. Sometimes
a court merely wants an estimate of
a probability for some condition or
event For example, one of the
authors was asked to estimate,
based on sample survey informa-
tion, the probability that at least
80% of the households in an alleg-
edly senior community had at least
one member aged 55 years or older.
Occasionally, experts are asked to
compare two sample probabilities.
In a product liability case, the court
may wish to know if the probability
of accidental injury is greater for
brand X than for brand Y, and
whether the difference is large
enough to be statistically meaning-
ful In this situation, the expert
would probably perform a routine
statistical hypothesis test on the ob-

served difference in the two sample
proportions.

A more challenging question is
to identify and quantify various fac-
tors which affect the probability of
some event. In a discrimination
case, for example, a plaintiff might
allege that the probability of being
fired or passed over for promotion
is greater for female than for male
employees of a given company. A
defendant might counter with the
argument that retention and promo-
tion depend on employee educa-
tion, years of experience, and/or test
scores, but not on gender. In such a
situation, an economic expert is
often asked to identify those factors
which tend to increase or reduce the
probability of being fired or passed
over. If gender, race, or national
ongin turn out to be among the im-
portant explanatory factors, the al-
legation of discrimination is greatly
strengthened.

When faced with this last type
of probability question, a statistical
technique called logistic or “logit™
regression analysis is often an ap-
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propriate method for analysis The
aim in this paper is to show how
logit analysis can be used and nter-
preted in the courtroom In the first
sections the fundamentals of the
simple logit model are presented,
and its use is explained. In the sec-
ond section the merits of logit
analysis are illustrated by present-
ing a number of applications 1n ac-
tual cases from the authors’ own
experiences. In the third section an
outline is offered of multinomial lo-
git, which is an extension of logit
analysis for more complex situ-
ations where the possibilities of
several outcomes (rather than just
two) must be measured simultane-
ously. The discussion 1s summa-
rized in the last section

The Logit Regression
Model

Introduction to Regression

Most economists are familiar
with a technique called stansfical
regression analysis This is a
method for determining how
changes in one or more explanatory
variables affect the level of spme
dependent varnable of interest.” To
illustrate, suppose one wants to de-
termine the factors which affect a
typical household’s consumption
spending. An economist might sur-
vey a number of households and
collect data on how much each fam-
ily spent on consumption in the last
year, the family’s total annual in-
come, the number of children and
the region of the country where the
family lives. A beginning hypothe-
sis might be that consumption de-
pends linearly on income and the
number of children, and is different
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in the South as compared with the
rest of the country.

The above hypothesis is ex-
pressed by the following regression
equation’

C = [31 + BJYx + B3Nr + ﬁ-tsx +u,
1=1,..n 1)
There are n ft’ﬁmllies in the survey,
and for the i~ family, C, is annual
consumption spending, Y, is annual
income, N, is the number of chil-
dren, and v, is the error term which
allows for other influences on con-
sumption which are not directly
taken into account by the model.
Variable S is a dummy variable
which capture§hthe effect of region:
S;=1if the 1" family lives in the
South, and = 0 if not In this exam-
ple, C is the dependent variable
[consumption], while Y, N and S
are explanatory variables.

With the data and model speci-
fied above, an economist would use
a computer-based regression rou-
tine to estimate the parameters B,
where j = 1,...4. Suppose the results
were as follows”:
C=30+07Y+16N-12S

24) 37) (14) (-20)

The interpretation goes some-
thing like this. Income and con-
sumption were both measured in
thousands of dollars. For each
$1,000 increase in income (Y),
there is a $700 increase in consump-
tion, holding other factors constant.
Each extra child (N) causes con-
sumption to rise by $1,600, holding
other factors constant. For given in-
come and family size, consumption
is about $1,200 lower for southemn
families.

The equation can be used to
predict consumption. For a family
with $30,000 of income and 2 chil-
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dren living in the West, predicted
consumption is E=3+07 (30) +
16(2)-12(0)=272,0r3$27,200

The numbers in parentheses be-
low the coefficient estimates are
called t-ratios Very roughly, if a
coefficient has a t-ratio larger than
2 (in absolute value), then the cor-
responding variable is thought to be
a statistically significant factor irg
explaming the dependent vanable.
The example above suggests that
income and region are significant in
determining consumption behavior,
but the number of children is not.
The specification, estimation, and
interpretation of econometnic re-
gression models is a mix of science
and common sense and is a good
deal more complicated than the pre-
ceding discussion would imply. But
the general idea is fairly straightfor-
ward.

Regression and Probability

The methods of regression
analysis can be extended to situ-
ations where the phenomenon to be
explained 1s the probability that
some event will occur. In such
cases, the dependent variable may
be an indicator (i.e., dummy) vari-
able, similarto the explanatory varn-
able S, in equation 1, above. An
example will explain this idea.

In an age discrimination case,
the court is interested in whether the
probability of being hired 1s lower
for older job applicants than for
younger applicants, other factors
considered. From a sample of n ap-
plicants for a job opening, the
economist records the applicant’s
age (Aj), prior years of relevant ex-
perience (X)), and years of educa-
tion (E;), where 1 = 1,...,n Data on
the dependent variable P is also re-

corded P,=11fthe 0 applicantwas
hired, and P, = 0 if not A simple
linear regression model would use
the equation below

Py =Pr + BoA + BsXi + Bafy - s
1=1,...,n (2)
Equation 2 1s an example of the
so-called linear probability model
(LPM) Aﬁfgr obtaining coefficient
estimates [f3, for j=1, . ,ﬁ] thg\ pre-
dx/(\:ted Xalue Py = B1 +B2Ak
+ B3Xk + B4Ek 1s interpreted as the
estimated probability of being hired
for an individual with age, experi-
ence and education Ak, Xk, Ex. If
B2 <0, the probability of being hired
is lower if age is higher, other things
the same, and age discrimination is
a likely possibility. The likelihood
of this discrimination can be meas-
ured by referning to the t-ratio, as
previously discussed. T-ratios with
absolute values in excess of 2 0 are
deemed to be statistically signifi-
cant.

Logit Regression Analysis

There are a number of flaws
with the linear probability model
shown in equation 2. One of these
1s that, for given values of A, X and
E, the estimated probability p may
be greater than 1 or less than 0.
Since true probabilities must lie be-
tween 0 and 1, the linear probability
model can provide inaccurate esti-
mates and should not be relied
upon. The principal advantage of
logit regression is that the final re-
sults are guaranteed to yield well-
behaved estimates of the specific
probability the reseacher is inter-
ested in: 0 <P < 1, always.

The fact that estimated prob-
abilities may not lie between 0 and
1 is the most serious flaw in the
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linear probability model, but 1t is
not the only one. Ordimnary least
squares (OLS) provides good esti-
mates of regression equation pa-
rameters only when several
assumptions hold true. and the LPM
violates two of these assumptions.
In the LPM, the vanance of the error
term is not constant (the problem of
heteroscedasticity), and the error

term has a discrete binary distribu-
tion (the problem of non-normal-
ity). The first problem can be
overcome by using weighted least
squares, which 1s cumbersome, the
second problem makes conven-
tional tests of statistical signifi-
cance using t-ratios unreliable

These statistical problems with
the LPM can be avoided by replac-
ing it with one of several models
that transform the binary dependent
variable so that the predicted prob-
abilities all lie within the zero to one
range. The simplest of these trans-
formations is called the logit model.
Logit analysis is based on the cumu-
lative logistic probabulity function.

To illustrate the theory behind
logit analysis, consider the age dis-
crimination example again. Logit
analysis assumes that the nafural
logarithm of the odds of the it ap-
plicant being hired depends linearly
on various explanatory factors. In
this example, if P, is the true prob-
ability of being hired, then:

Ln (1})} = o) + oA, + 03X + ouE,

+ error term 3)
Denote Ln (P/1-P) by L. Logit re-
gression programs estimate the re-
gression parameters (the o’s in
equation 3), for the dependent vari-
able L, and therefore estimate L.
From any estimate ﬁk, the estimate
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of the underlying probability can be
derived’:

Pr=—1 @)

1+e™*

A little algebra shows that 0 < Py <
1.

The coefficients for the logit
model are usually estimated with a
maximum likelthood estimation
(MLE) routine The resulting esti-
mates will be unbiased and efficient
and will not have the problems as-
sociated with the LPM. To perform
logit regression analysis, a special
computer program is usually re-
quired,6 although the recording and
entry of data are the same as for the
linear probability or any other re-
gression model

In the usual case where logit
regression analysis is used, the raw
data for the dependant vanable are
recorded as Py=1 if the event of in-
terest occurred, and P;=0 if not. In
this raw form, the log of the odds
appears to be Ln(0/1) or Ln(1/0),
both of which are undefined. Re-
gression programs with logit sub-
routines overcome this difficulty by
creating linear indexes of the ex-
planatory variables and working
with cumulative probability distri-
bution functions. It is for this reason
that it is noted above that logit
analysis usually requires a special
computer program.

There 1s one situation where lo-
git analysis can be performed di-
rectly with an OLS program. In this
situation, the original datamay have
been recorded for individual per-
sons, famulies, households, etc., but
are available to the researcher only
as grouped data.” For example, one
might have the number of male and
female applicants for a job who
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were in the 20-24 year age group,
the 25-29 year group, the 30-34 year
group, and so on And for each
group and subgroup, one might
know the number of those appli-
cants who were hired The number
hired divided by the total number in
subgroup i 1s a proportion P; where
0 < Py <1. The logit of this propor-
tion 1s easily calculated as Ln (Py/1-
P)), as long as the groups are chosen
so that Py # 0 or 1

The logit for each of the groups
is then regressed on the mean value
of the explanatory variables in each
of the groups to obtain the regres-
sion parameters (the a’s of equation
3). Thus analysis can be easily per-
formed using an OLS model avail-
able in any statistical package. The
estimated regression parameters us-
ing eitherthe logit in an OLS model,
or the binary dependent variable in
a logtstic regression model, will be
unbiased estimates of the true val-
ues of the regression parameters
Using the OLS routine is quicker,
and less costly from a computer cost
standpoint but requires that the data
be 1n a grouped format. One could,
of course, always assign individual
data (e.g , household responses) to
groups and use OLS in place of logit
analysis. However, in doing this the
researcher would eliminate a sig-
nificant amount of the potential ex-
planatory power of the other
variables. Given the availability of
various MLE altematives, using the
OLS routine on grouped data is a
less satisfactory choice when there
is an option of using individual ob-
servations.

In most courtroom applica-
tions, the questions of interest are
answered when equation 3 has been
estimated. As with the linear prob-

ability model, |faz <0, with a sta-
tistically significant t-ratio, and
with a decent overall model fit, then
age discnmination may be inferred

Applications

In the sections that follow are
presented a few interesting applica-
tions of logit analysis to litigation
problems The cases discussed in-
clude a statistical analysis of medi-
cal hazards, an employment
discrimination case, and the devel-
opment of a model to determine the
loss pentod in wrongful termination
cases These cases will further illus-
trate the superiority of the logit
model over the linear probability
model referred to in the first section.

Case #1 - Medical Hazards

Dr. X was one of four surgeons
at a local community hospital. The
hospital administration observed
thatincreasingly erratic behavior by
Dr X was affecting the morale of
his colleagues and the hospital staff.
When a study revealed that Dr. X’s
patients were much more likely to
suffer postoperative complications
of a certain type than were the pa-
tients of the other three surgeons,
the hospital fired him. Dr. X
promptly sued, alleging wrongful
termination. A major issue in the
case was whether the hospital’s
study of patient complications was
valid. The authors were asked to
determine if the hospital was justi-
fied in concluding from the study
that Dr. X was jeopardizing the
health of his patients.

Logit analysis did not appear
necessary at the outset. Of 197 pa- .
tients whose records were exam-
ined in the study, 84 were operated
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on by Dr. X, and the remaining 113
patients were operated on by one of
the other three surgeons About 8%
of Dr. X’s patients suffered a par-
ticular complication after surgery,
but the proportion was less than 1%
for the other patients. A routine sta-
tistical hypothesis test was con-
ducted for the difference in
population proportions. The null
hypothesis was Ho: px < p3, where
px is the true (unknown) proportion
of Dr. X’s patients who develop the
complication, and p3 is the same
proportion among the patients of
the other three surgeons. Ho was
rejected at the 0.005 (0.5%) level.
The conclusion was that Dr X’s
patients faced significantly greater
hazards after surgery than I.l(‘)ne pa-
tients of the other surgeons.

There was a potential compli-
cation, however. The 197 patient
cases in the study were not a ran-
dom sample of patients, but a cen-
sus of everyone operated on by any
of the four surgeons in recent years.
If there were consistent differences
in the patients assigned to, or select-
ing, Dr. X, then there might be rea-
sons for different postoperative
complication rates that had nothing
to do with the intrinsic qualifica-
tions of Dr. X per se. For example,
if Dr. X operated on sicker patients,
or dealt with conditions requiring
more delicate surgical procedures,
his case load might be expected to
exhibit higher postoperative com-
plication rates.

In order to examine these pos-
sibilities, it was surmised that the
probability of postoperative com-
plication could be related to the
health of the patient, and the type of
surgery, as well as the identity or
competence of the surgeon. The
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hospital study data base included
one measure that could be inter-
preted as an index of patient health
at the time of admission to the hos-
pital The hospital staff identified a
particular procedure —type I —that
might be particularly hazardous. In-
cluding these data allowed the con-
struction of the following logit
model:
Ln (5) = o + ay HEA LTHr a;TYPE
+ 03X + error term 3)

In this model, P 1s the probability
that patient suffers a particular com-
plication after surgery: P=1 if the
complication develops, 0 1if not.
Among the explanatory variables,
HEALTH is an index of patient
health (severity of condition) prior
to surgery, where 0% <HEALTH <
100%; TYPE = 1 if a type I surgical
procedure was employed, and 0 if
not; X = 1 if Dr. X performed the
surgery, and 0 if not

The following regression re-
sults were obtained:

Ln(]—pﬁg =-4.217-0 008HEALTH

+ 02696 TYPE + 2 108X
P-Values (0.001)(0253) (0 376)(0 027)
Latent R%. 0283

Like the t-ratios described in part I,
the p-values are used to test if the
coefficient estimates are signifi-
cantly different from zero and that
the corresponding variable is a sig-
nificant factor in detexminingzthe
probability of complication. = A
statistically significant p-value is
0.05 or less, which is roughly con-
sistent with a t-ratio of 2.0 or
greater.

The results above suggest that
neither HEALTH nor TYPE has
much influence on the probability
of postoperative complication. The
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high p-values for &1 and &2 imply
that the true coefficients may well
be zero. However, the statistically
significantly positive sign for a3 in-
dicates that even after the possible
effects of patient health and surgical
procedure are taken into account,
the odds of postoperative complica-
tions are higher if Dr. X was the
surgeon.

Using the conversion shown in
equation 4, the probability of a post-
operative complication can be com-
puted for any value of HEALTH.

These probabilities are graphed
in figure 1. Regardless of the type
of surgery and level of the patient
health index, the chance of a com-
plication is notably higher if Dr. X
is the operating physician. The dif-
ferent probabilities are calculated in

table I for patients of average
health.

The overall conclusions were
that (1) Dr. X’s patients were ex-
posed to greater health hazards than
those of the other surgeons with the
same specialty in the hospital, and
(2) the difference in hazard was not
due to differences in the health of
the patients or the types of surgery
required The inference was that the
hazard differential was due to some
intrinsic characteristic of Dr. X’s
skill or behavior. In other words, his
termination by the hospital was not
wrongful.

Table 1 }

Probability of Postoperative “

Complication :

Dr. X Other3 |

Type | 8.69% 1.14%
Other Tvpe | 6.78% 0.88%

(For HEALTH = 63.52%) ;

It is interesting to compare the
LPM with the logistic regression

Figure 1 - Probability of postoperative complication by surgeon and

type of surgery
Postoperative Complications
DR X versus Other Three Surgeons
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model using the results of this case.
The coefficients in the LPM indi-
cate the change in the probability of
postoperative complications for a
one unit change in the correspond-
ing explanatory variable. When the
linear probability model was run on
the Dr. X data, the coefficient for
physician identity was 0.072, as
shown below.

P=0.032 - 0 0004HEALTH +
0.0084TYPE +0.072X

P-Values. (0.48) (0.80) (0 026)
R*=0021

This indicates that the probability of
a complication was 7 percentage
points higher if Dr. X performed the
operation, regardless of the type of
surgery or level of patient health.

The coefficients for the logistic
model indicate the change in the
logit [i.e., log of the odds] associ-
ated with a one unit change in an
explanatory variable. The rate of
change of probability with respect
to the jth variable is o [ P (1=P)],
where P is evaluated for sclected
values of all the explanatory vari-
ables. Thus, the incremental prob-
ability of a postoperative
complication when surgery 1s per-
formed by Dr. X depends on both
patient health and the type of sur-
gery. This can readily be seen by
comparing the vertical distance be-
tween a Dr. X probability curve and
a corresponding other 3 curve in
figure 1. The distance shrinks as the
patient health index increases and is
different depending on whether a
type I surgical procedure was em-
ployed or not.

When the data for an explana-
tory variable are in binary form
(such as with the physician indica-
tor varniable), the coefficient esti-
mated by logit regression has an
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interesting interpretation. For coef-
ficient a, % is the odds ratio.!3 For
the physician indicator vanable, the
logit coefficient estimate was
2.108, and the odflé ratio is there-
fore 8.23 [ie., > %8 = 8.23). This
means that when x=1, the odds of
postoperative complications are
eight times higher than when x=0
[i e., someone other than Dr. X per-
formed the operation].”” This can
be verified by using the prob-
abilities displayed in table 1. As-
suming a type I procedure, the odds
of complication are found as fol-
lows:
B

dds =
CETIP
For Dr X
odds = —2 8% __ 0952
(1-0 0869)
. _ 1 .
reciprocal odds = 00952 = 10.5:1
For other physicians
odds=—9914 __ 50115
(1-0.0114)
=1 _erq
reciprocal odds = 00115~ 86.7°1
_867_ 15
The odds ratio = 105 8257

That is, the odds against developing
a complication are almost 87 to 1 if
another surgeon does the procedure
but only a little better than 10to 1 if
Dr. X does it.

Case #2 - Employment Dis-
crimination

Regression techniques have
been used in discrimination cases
for some time, usually where the
dependent variable is wage level,
and the issue is whether the sex or
race of an employee affects wage
rates - A natural extension of this
type of analysis using logistic re-
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gression anises when the dependent
variable represents whether an indi-
vidual was retained or laid off, and
one wishes to determine if an em-
ployee’s sex, race or age affected
the employer’s decision to termi-
nate any specific individual. The
same type of model can be used to
examine a pool of workers who
were either promoted or not pro-
moted over some specific time pe-
nod, and whether age, race or sex
affected the promotions.

One of the authors had a par-
ticular case where a manufacturing
firm terminated ten employees,
eight of whom were over the age of
40. The two-by-two results shown
in table II below indicate that the
termination rates for the over and
under 40 age groups were 22% and
5%, respectively. The difference in
the termination rates is 0.17, with a
t-test value for the difference in
means of 2.12. A Fisher exact test
probability was 0.04, while a Mann-
Whitney test was significant at the
0.02 level. Both of these simple sta-
tistical tests indxcﬁed a likelihood
of discrimination

Table 2
Age Group
Under| Over
40 40 | Total

Retained 35 28 63
Terminated 2 8 10
Total 37 36 73
Termination | 0.05 | 0.22
Rate

The two-by-two table offers an in-
teresting way to compare the linear
probability model and the logit
model. The results of a LPM regres-
sion using the data summarized in
table II are as follows:

TERM = () 54 + 0 168AGE
P-Value (212)
The dependent vaniable, TERM,
equals one 1f an employee was ter-
minated, zero if not. The coefficient
for the AGE vanable represents the
difference 1n termination rates.
TERM increases in value (prob-
ability) as AGE increases The t-
statistic is the same for the LPM as
it is for the test on the difference 1n
group means. The LPM measures
the difference in observed rates for
the two groups, and also the likeli-
hood that the observed coefficient
(i e., difference) is statistically sig-
mificant (i.e., not equal to zero).

The two-by-two table can also
be an ilgyzed in a variety of other
ways. - For example, the odds that
an individual will be terminated,
given his or her group membership,
can be computed directly from the
data in table II Remember that the
logit transformation is simply the
log of the odds ratio For workers
under 40 years of age, the odds of
terminatxonI%re 17 5.1 against being
terminated.’” For those above the
age of 40, the odds of termination
are 3.5 1

Finally, a useful comparison of
the two ratios is called the odds
ratio, which is simply 17.5/3.3, or
5 0. This indicates that the odds of
being terminated if one is above the
age of 40 are five times greater th%
if one is below the age of 40.
While the odds ratio has no particu-
lar distribution, the log of the odds
ratio is normally distributed for
large samples. This leads back to
the logit model, which asserts that
the log of the odds ratio is linearly
related to a group of explanatory
variables. The logistic regression
equation using the data in table Il is
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Logit (TERM) = -2 86 + 1 609AGE
(194)

P-Value 003

Note that e raised to the power
of 1.609 equals 5.0, which is the
odds ratio, and obviously therefore
the log of the odds ratio is 1.609.
The logit model measures both the
size and the statistical significance
of the relative odds of some event,
given one or more factors that affect
the event. In contrast, the LPM
measures the size and statistical sig-
nificance of the difference in prob-
abilities of some event, given one of
more factors that affect the event.

The analyses presented thus far
indicate a statistical likelihood of
discrimination. However, it was
possible that the rather simple two-
way analysis could omit important
factors that would account for the
higher termination rate among
those over 40. To examine this po-
tential problem, logistic multiple re-
gression was used to determine if
variables other than age could ac-
count for the disparity in termina-
tion rates.

The resulits of the logit multiple
regression are shown below, where
AGE is the age of the employee at
the time of the layoffs (rather than
an indicator variable as used
above), SERVICE is the em-
ployee’s years of service with the
company at that point, and DE-
GREE measured the highest level
of college education reached.

Ln [—IP—Pt -9.0+0.22AGE -
0.27SERVICE - 1 ADEGREE

(24) (23) (12)
Even with prior service and educa-
tion accounted for, the probability

of termination was significantly
higher for older employees, since

42

the coefficient of AGE, 0.22, was
positive and its t-ratio was 2.4 with
the other variables in the model.
Since AGE is no longer a binary
variable, one cannot interpret e” as
a measure of the odds ratio.

Figure 2 shows that, for average
values of SERVICE and DEGREE,
the probability of being terminated
was rising sharply for employees
past their mid-forties, thus confirm-
ing the earlier analysis using two-
by-two contingency table results.

Case #3 - Conditional Prob-
ability of Employment

In personal injury cases, the
economist must determine the eco-
nomic losses to an individual result-
ing from an accident or injury. The
claim is against some defendant that
allegedly caused a temporary or
permanent interruption to the eam-
ings capacity of the injured party.
In permanent injury cases, losses
extend throughout the plaintiff’s
expected work life. The injured
party usually had a job at the time
of the injury. There is no need for
the plaintiffto assert or show thathe
or she would have remained with
that same employer for any given
period of time if the injuries had not
been suffered

In employment cases such as
wrongful terminations, the relation-
ship between the plaintiff and the
employer is quite different. For one
thing, the employer is usually the
defendant. For another, it is now
materially relevant to determine
how long the plaintiff employee
would have remained with the de-
fendant employer 1f the wrongful
firing had never happened.

Basically, annual economic
loss to the individual is the compen-
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Figure 2

Probabiiity of Termination

Probability of Termination
As a Function of Age

403

i ]

% i) R % |

4 “ 0 50 Y|
Age

sation from the original employer,
including job-related benefits, less
any actual eamings and benefits.
This annual loss is ordinarily di-
vided into two components: (1) past
economic losses, and (2) present
value of future economic losses.
Important unknown factors that
must be considered in computing
economic losses are the duration of
unemployment if the terminated
employee has not yet found em-
ployment, and the likely continu-
ation of employment by the
defendant company, had there been
no termination. In some cases there
may be a contract between em-
ployee and employer that specifies
some length of time for the employ-
ment relationship, but this is rare. In
the absence of such a contract, the
plaintiff may claim he or she would

have worked for the defendant em-
ployer until retirement While it
would be nice (for the plantiff) to
be able to make this assertion with
some belief, evidence suggests that,
on average, it is not very likely that
any particular individual will re-
main working for the same em-
ployer very long. This is in sharp
contrast to the way forensic econo-
mists often present economic loss
estimates on behalf of wrongfully
terminated plaintiffs. Often the as-
sumption is made that the plaintiff
would have worked for the defen-
dant employer until retirement. Al-
tematively, economists sometimes
select an arbitrary number of years
into the future, say five years, to use
in determining future damages.
The reality of employment 1s
that people change jobs in this
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country at an alarming rate Current
Population Survey (CPS) data indi-
cate historical annual tumover rates
of about 10% About 88% of the
turnovers are voluntary, with the
remaining 12% being involuntary.
The most common reason given in
the survey fora change of employer
is better pay or different working
conditions.

The Bureau of Labor Statistics
(BLS) has published studies of oc-
cupational tenure, and regularly
publishes information about unem-
ployment duration. However, nei-
ther the BLS nor any other labor
researchers have examined the like-
lihood that an individual will re-
main in a specific job in the future
Knowledge of this likelthood is ex-
actly what is needed to estimate ac-
curately the economic losses in an
employment litigation case.

Since the BLS does not directly
publish data on job retention prob-
abilities, obtaining the probabilities
proved to be difficult. First, the CPS
data were obtained from surveys,
conducted monthly by the U. S. De-
partment of Commerce, Bureau of
the Census. In January 1987 the
CPS included in its survey a supple-
ment that contained a series of ques-
tions about employment in the prior
year, employment changes during
the year, and current status of em-
ployment. From the series of re-
sponses to these questions it was
possible to create a data set consist-
ing of more than 100,000 individual
or household observations on in-
come, education, age, and job re-
lated information This sample
population was reduced by elimi-
nating those individuals not in the
labor force and those unemployed
at the beginning of the period. The

final population consisted of indi-
viduals employed in January 1986
and eitheremployed orunemployed
[but in the labor force] in January
1987.

This final data set was then used
to analyze the probability of an in-
dividual being employed by the
same employer one year in the fu-
ture. A logistic regression model
was used to determine the prob-
ability that an individual with spe-
cific economic and demographic
characteristics would be working
for the same employer one year in
the future. The dependent variable
for our analyses is a binary indicator
variable which takes on a value of
one if the individual was employed
both in 1986 and 1987, and a value
of zero if the individual was em-
ployed in 1986, butnotin 1987. The
explanatory variables examined in-
cluded the following'

e Age of individual
e Education of individual (in
years)

e Family income class (13
classes)

o Duration of employment with
current employer (in years)

e Three indicator vanables rep-
resenting sex and race

White female
Non-white male
Non-white female

e Interaction variables

Education X Income
Age X Income

White maile X Income
Duration X age

e Non-linear variables

Age squared
Income squared
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Table 3
Logisuc Regression Coefficients for the Condiuonal Employment Model
! Rate of
Variable CoefTicient t-Staustic | Change at Mean

Constant -2.030000 175 i
Age 0.142300 282 | 0011770 |
Age Sqd -0 001600 266 ! -0 000130
Income 0.047950 242 0 003972
Income Sqd -0.000350 174 -0 000029
Education 0.047950 86 | 0 000464
Duration X Age -0.000064 17 ! -0.000005

The results of the logistic re-
gression analysis, including the
rates of change associated with each
variable, evaluated at the mean
value of the dependent variable, are
presented in table III. Both the race
and sex indicator variables turned
out to be statistically insignificant
and were dropped from the equa-
tion. This was also true of all the
interaction variables, with the ex-
ception of duration x age, which
was found to be statistically signifi-
cant.

All of the vanables in the final
logistic model were significant at
the 5% level, using a one-tailed test,
with the correct signs. The coeffi-
cient of determination for the model
was 0.1, which is reasonably good
fora binary dependent variable hav-
ing a mean value of 0.9. The rates
of change for each vanable are also
shown. The rate of change indicates
the change in the annual probability
that results from a one unit change
in the independent variable, evalu-
ated for an individual with a prob-
ability of 0.9 [i.e., the mean value
for the dependent variable].

The model was then employed
in a wrongful termination case in
the computation of past and future
economic loss. In this particular
case, the plaintiff was 44 years of

age at the time of the termination,
had 9 years of employment with the
defendant, and eamed $46,000 per
year in income, including job-re-
lated benefits. The probability of
being employed at the end of any
particular year is a function of the
individual’s age, income, educa-
tion, and duration of prior employ-
ment as of that year. The
conditional probability of being
employed each year in the future is
the probability of being employed
at the end of the current vear, given
employment at the beginning of the
year, multiplied by the probability
of being employed at the beginning
ofthe vear Forthe individual in this
case, both the annual probability of
employment and the conditional
probability of employmze?)nt each
year is shown in figure 3.

‘Multinomial Logit

Up to this point, the discussion
has focused on probabilities of a
single event: a job applicant gets
hired; a patient develops a given
complication; ann employee is still
with the same employer a year later.
But it is easy to imagine situations
where probabilities of a set of
events may be of interest. Suppose
one wishes to determine whether
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Figure 3

conditional Probability of Employment
Income = $44,000 & Educ = 12 yrs

foraliizral B

208 rebabilnty

L)

30%

members of a minority group re-
ceive equal treatment in some firm,
industry, or occupation. The rele-
vant treatment events might be (1)
employee is promoted, (2) em-
ployee is retained at same level, (3)
employee is fired. One would like
to see whether the probabilities of
these three events, taken jointly, are
affected by the employee’s minor-
ity status. The logit model can be
expanded to handle such situations.
When applied to three or more dis-

where j=1, ..., N, B is a vector of
regression parameters, and x; 1s a
vector of one by k explanatory vari-
ables associated with altemative j.
Multinomial logit analysis is an
order of magnitude more difficult
than binary logit, and requires a spe-
cialized computer program. The
multinomial logit model was prin-
cipally developed by McFadden
(1973) and Theil (1969). Useful
econometrics texts which cover this
topic include Pindyck and Rubin-

crete choices, the model is called  feld (1991), and Maddala (1983,

multinominal logit. (The models  chapter 3). 4

discussed earlier are, by inference,

binomial or binary logit.) Case, #4 - Household Space
Heating

In the case of N2>3 distin&;ﬁ
events, the probability of the
event is

]

P, =
! ea"+eﬂ"+...+e&"

(6)

Models to explain and predict a
household’s choice of space heating
fuel and efficiency have been the
subject of testimony in several state
utility regulatory hearings, which
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were concemed with setting energy
prices and developing energy con-
servation policies The operating
cost 1s the primary factor that con-
sumers consider in choosing space
heating equipment The cost is de-
termined by the cost of the energy
for each type of equipment, the ef-
ficiency of the equipment in using
energy, and the winter climate,
which can be summarized by heat-
ing degree days In colder climates,
operating costs should become even
more important in determining the
probabilities for each alternative,
favoring those using the least ex-
pensive type of energy. Less impor-
tant considerations are purchase
and installation costs for each alter-
native, and preferences for certain
fuels and equipment types. These
other factors are more likely to pre-
vail in warmer climates and in mul-
tifamily housing where there is less
exposed outside wall area.

For a utility client, a model was
developed to predict the type of
space heating equipment that
households will install. The utility
had administered a survey to sev-
eral thousand of its customers
measuring their appliance stocks
and demographic characteristics.
Several space heating altematives
were identified:

1. Natural gas heater,
2 Propane heater,

3. Central electric resistance
heater,

4. Non-central electric resistance
heater, and

5. Heatpump.

Using the explanatory variables
mentioned previously, a model was
developed to estimate the prob-

abilities that a houschold will
choose ecach altemative For each
household, the operating cost for
each alternative was computed as a
function of the energy price for the
alternative, a 30-year average of
heating degree days for the home's
location, the dwelling type of the
home, and the efficiency of the
equipment This cost was statisti-
cally significant (t-statistic 12.6).
Additional explanatory variables
represented preferences for electric
and centralized systems and pro-
pane use in mobile homes. These
were also highly significant. For ex-
ample, a variable indicating a mo-
bile home type was included in the
set if explanatory variables for al-
ternative 2 and revealed that pro-
pane was more likely to be used for
heating this type of dwelling.

Because natural gas was the
least expensive fuel, the operating
cost variable always favored natural
gas heating in this study, especially
in the colder parts of the utility’s
service area. But this was offset by
preferences for electric heating, and
for propane gas in mobile homes.
Since the set of operating costs de-
pends on so many factors, and
ranged widely over the sample, a
significant portion of the sample fa-
vored each alternative.

The model was used to forecast
penetration rates for each altemna-
tive based on projections of fuel
prices and of home construction
rates in different parts of the util-
ity’s service area.

Because it can quantify the in-
fluence of multiple factors on a set
of altematives, the multinomial lo-
git model will find many applica-
tions in civil litigation and
regulatory hearings
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Summary

An attempt has been made in
this paper to show how logistic re-
gression (logit analysis) can be a
valuable aid to the economist per-
forming forensic consulting assign-
ments. As shown by the cases used
for illustration above, many issues
in litigation can be analyzed as
problems involving probabilities.
Whenever the factors which affect
probabilities need to be identified
and measured with some degree of
accuracy, logit analysis is fre-
quently the technique of choice.

Logit analysis is, at bottom,
merely a specialized statistical re-
gression technique. Anyone who
can interpret an ordinary least
squares printout can use logit meth-
ods as well with only a little extra
effort. Logit is perhaps less well
known than more conventional sta-

48

tistical procedures because it1s non-
linear, and because many common
computer statistical packages do
not contain logit subroutines. It may
be fair to say that whenever a foren-
sic economist has employed Chi-
square tests or contingency tables,
he or she might have been better
advised to recast the problem as a
logit regression equation.

Thus, in choosing methods for
analyzing probability questions, the
forensic statistical practitioner
should remember that logit tech-
niques have the advgnlggc of ex-
planatory power and relative ease of
use. They have the further advan-
tage, of no small consequence when
presenting findings to a jury, that
the results are often amenable to
striking graphic %resentation. A
picture is worth 10~ words, and lo-
git gives the picture!
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Endnotes

Its use in hitigation has been previously discussed by Fisher (1980), and
Finkelstein (1980).

The most commonly used regression routine 1s ordinary least sqyares
(OLS). The results would also include summary statistics like R and other
measures of “goodness of fit™ which could be used to determine if the cho-
sen model is adequate to explain the one phenomenon is interested in.

The Supreme Court in Castaneda v Partida 430 U.S. 482 and. Hazelwood
v U.S. 433 U.S. 299, decided a finding was statistically significant if it was
two or three standard deviations from the value assumed by the null hy-
pothesis. For the sample regression results under consideration here, a null
hypothesis might be that B3=0, which would imply that the number of chil-
dren (N) does not matter. The regression estimated B3=1. 6, and the corre-
sponding t-ratio of 1.4 tells us that a coefficient value of 1.6 is 1.4 standard
deviations away from 0. Since 1.4<2, the estimated coefficient is deter-
mined to be not significant. For a discussion of the Court’s use of this statis-
tical test, see Meier, Sacks and Zabell (1986).

There are a host of good econometrics textbooks that cover these topics
Two that also cover logit regression are Pindyck and Rubinfeld (1991), and
Ramanathan (1989). See also, McFadden (1973), for an early application of
logit analysis.

Note that e =2 71828 .. is the base of the natural logarithm.

A number of statistical software packages include logistic regression rou-
tines. The list of such packages includes BMDP, SPSS, SAS, AQD, RATS.
CRUNCH. and others

An analogous model, called probit analysis. asserts that a transformation of
the probability, P;, to a cumulative normal value is linearly related to the ex-
planatory variables. Probit and logit usually provide similar results. The use
of regression methods, including logit and probit. to estimate probabilities is
covered in Pindyck and Rubinfeld (1991). The interested reader may also
wish to consult Maddala (1983), Hosmer and Lemeshow (1989), or Cox
(1970).

See the examples presented in Cox (1970).

Performing logit analysis using grouped data has the same problem with het-
eroscedasticity that is present with the LPM. See Maddala (1983. Ch. 2).

Like President Garfield’s physicians, of whom the President’s assassin said

(before his hanging), “I only shot the President. it was his doctors who
killed him.”

The model was estimated on a COMPAQ II personal computer using the
AQD logit regression module Of the original 197 cases in the hospital’s
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study, 19 failed to report a value for HEALTH, so only 178 observations
were used in the final regression. -

For example, the estimate of the coefficient of X turned out to be a3 =

2.108. If the true value of a3 =0, the pmbablhty of obtaining an estimate as
large as 2.108 in absolute value by accident is only 0.027 (2.7%). Low P-val-
ues are associated with high levels of significance. It should also be men-
tioned that the overall measunng of goodness of fit for logit regressions,

such as the “Latent R%” , are different from similar R? measures reported in
more conventmnal regressnon routines. Seemingly low values of a latent or
pseudo R may indicate a rather good overall fit. See Maddala (1983, Ch.2),

for some of the conjecture on this issue.
See Hosmer and Lameshow (1989, Ch. 3).
The 95% confidence interval for the estimated odds ratio is 0.96 to 70.32.

The minor discrepancy is due to rounding. The log of the odds ratio (In
8.23) =2 108, which is the logistic regression coefficient for the variable X.

See Conway & Roberts (1986).

See Meier, Sacks and Zabell (1986) for a discussion of two-way statistical
tests used in disicrimination analysis.

See Fleiss (1981) for a rather complete review of these methods.
Computed by taking the ratio of the probabilities of retention and termina-
tion for those under 40, 0.48 and 0.027, respectively. The odds are most
often reported as a value compared to 1.0.

Fleiss (1981) presents some methods for determining confidence intervals
for the odds ratio.

The LPM also has the statistical problems not associated with the logit
model that were previously described.

Eamings capacity includes non-wage economic benefits.

A PC version of the CPEA model is available from Legal Economic Soft-
ware, P.O. Box 1288, Cardiff, CA 92007.

Estimation of multinomial logit parameters may be performed using SPSS-
X.
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